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We derive a set of easy rules to follow when estimating the coefficients of operators in an effective
Lagrangian. In particular, we emphasize how to estimate the size of the coefficients originating from
irrelevant interactions in the underlying Lagrangian.
PACS numbers:
Effective field theory constitutes an essential method
in modern theoretical physics, see e.g. [1]. In elemen-
tary particle physics some of the well known examples
are heavy quark effective theory [2] and, likely, the entire
Standard Model itself. In typical applications of effective
theory one constructs the model Lagrangian based only
on the knowledge of the global symmetries and relevant
degrees of freedom. Then, in the absence of matching
onto a more microscopic theory (or data), it is important
to be able to estimate the size of the dimensionless coef-
ficients of the terms arising in the effective Lagrangian.
For illustration, consider QCD with a four-fermion in-
teraction
L = Q (i /D −m)Q+G(QLQR)(QRQL) (1)
Here Q is an nf component vector, m is the diagonal ma-
trix of masses and QL,R = PL,RQ in terms of the usual
projectors PL,R = (1 ∓ γ5)/2. We assume that the the-
ory becomes strongly interacting, confines and breaks the
chiral symmetry spontaneously according to the known
pattern at the scale Λ≪ 1/
√
G. The dynamical degrees
of freedom at low energies are the pions, represented via
the matrix U = exp(ipi/f), where f is the Goldstone
boson decay constant. Their low energy effective the-
ory contains the kinetic theory given by the lowest order
chiral perturbation theory and the mass and interaction
terms constructed with the spurion method:
Leff = c0Λ2Tr
[
∂µU∂µU
†
]
+ c1Λ
3Tr
[
m(U + U †)
]
+c2Λ
6GTr [U ] Tr
[
U †
]
. (2)
The mass scale of light non-Goldstone states, Λ, is the
cutoff in the effective theory and also the matching scale
between the effective Lagrangian and the high energy La-
grangian. We write this scale explicitly in the effective
Lagrangian to make the a priori unknown coefficients ci
dimensionless. The task now is to estimate these coeffi-
cients, and capture the relative importance of the terms
in the effective Lagrangian.
From now on we will work in units where Λ = 1. We
also ignore any O(1) factors, i.e. we only keep track of
powers of Λ/f ≡ g and coupling constants.
The first constant, c0, can be fixed by requiring the
pion fields to have a canonical kinetic term. This leads
to c0 = 1/g
2. To estimate the constants c1 and c2, we
need other methods.
In QCD a robust prediction is made by naive di-
mensional analysis (NDA) [3], which was generalized by
Georgi [4] to apply to more general theories than QCD.
According to Georgi, the coefficients of an operator in
an effective Lagrangian for a strongly interacting theory
depend on Λ and g ≡ Λ/f in the following simple way:
1. Divide each term by g2
2. Each strongly interacting field is accompanied by a
factor of g
3. Fix the overall dimension by multiplying with Λ
The item two in the above list is taken into account au-
tomatically by writing U = exp(igpi). With this in mind,
application of the rules yields c1 = c2 = 1/g
2, and hence
the generalized NDA results in
m2pi ∼ m+G. (3)
However, from the underlying Lagrangian (1) we expect
m2pi ∼ mg2
〈
QQ
〉
+Gg2
〈
QQ
〉2
, (4)
and comparing with (3) we see that the correct depen-
dency on g in both terms cannot be obtained with gener-
alized NDA: either
〈
QQ
〉 ∼ 1/g2 or 〈QQ〉 ∼ 1/g, but in
both cases the resulting total dependence on g is wrong.
Since numerically in QCD
〈
QQ
〉 ∼ Λ3/g2 we assume the
first is more correct, and that the rules of generalized
NDA should be improved to properly take into account
the suppression of irrelevant operators. In this paper we
derive such rules.
The basic assumption of NDA is that in a strongly
interacting system, diagrams of each loop order give the
same size contributions. From momentum conservation
the number of loops in a diagram is L = P−V +1, where
P is the number of propagators and V is the number of
vertices. In units Λ = 1, each loop is associated with a
factor 1/16pi2. Then, if the propagator is of the order α
and all vertices are assumed to be of similar size, β, the
following should hold:
β =
1
(16pi2)L
αPβV =
1
16pi2
( α
16pi2
)P (
16pi2β
)V
. (5)
The solution valid for any P and V is β = 1/α = 1/16pi2.
Therefore NDA requires that in some non canonical field
normalization, each operator coefficient is O(1/16pi2).
2We generalize and explicate this statement in two
ways. First, we write the factor 1/16pi2 as 1/g2, as was
already done by Georgi [4]. By allowing g . 4pi one can
include effects of small parameters present in e.g. large-
N field theories. Second, we apply these principles at
the matching scale Λ to both the fundamental and effec-
tive Lagrangians, also including any explicit symmetry
breaking or irrelevant operators, as was done in [5, 6].
More specifically, let φ and M collectively denote all
the strongly interacting fields present in the high and
low energy Lagrangian, and let the hatted fields denote
corresponding non canonically normalized fields. Then
the principles above are equivalent to the matching
L(φ) = 1
g2
Lˆ(φˆ) → Leff(M) = 1
g2
Lˆeff(Mˆ) . (6)
where the hatted Lagrangians include only O(1) coeffi-
cients.
To clarify the idea, we now reconsider the previous
example. We require that the fundamental Lagrangian
(1) takes the form
L = 1
g2
[
Qˆ
(
i /D − 1) Qˆ+ (QˆLQˆR)(QˆRQˆL)] . (7)
This matches with (1) if
Qˆ = gQ , m = I , G = g2 . (8)
Now we apply NDA to the effective Lagrangian as well,
Leff = 1
g2
(
Tr
[
∂µUˆ∂µUˆ
†
]
+Tr
[
(Uˆ + Uˆ †)
]
+ Tr
[
Uˆ
]
Tr
[
Uˆ †
])
, (9)
where Uˆ = exp ipˆi. To restore the usual kinetic term for
pi we expand the exponential and find that pˆi = gpi and
U = exp igpi.
We now reinstate the spurion parameters m and G.
In the limit these parameters are zero, the second and
third terms in (9) vanish by symmetry arguments, so
the coefficients must be proportional to m and G. The
proportionality is fixed by requiring that in the limitm =
I and G = g2, one should obtain (9). Therefore
Leff = 1
g2
(
Tr
[
∂µUˆ∂µUˆ
†
]
+Tr
[
m(Uˆ + Uˆ †)
]
+
G
g2
Tr
[
Uˆ
]
Tr
[
Uˆ †
])
(10)
=
1
g2
Tr
[
∂µU∂µU
†
]
+
1
g2
Tr
[
m(U + U †)
]
+
G
g4
Tr [U ] Tr
[
U †
]
. (11)
Hence we obtain c1 = 1/g
2, but c2 = 1/g
4, and
m2pi ∼ m+
G
g2
. (12)
Thus we find behavior compatible with (4) if
〈
QQ
〉 ∼
1/g2.
As an outcome of this treatment, the irrelevant inter-
actions in the underlying Lagrangian have become more
suppressed in the effective Lagrangian than in general-
ized NDA. Also, we find the maximum values of the spu-
rion parameters for which the effective Lagrangian makes
sense: clearly, the elements of the matrixm should be less
than one, and G < g2; otherwise terms of higher order in
the spurions will be larger than these lowest order terms.
Our result is based on a simple scaling argument, and,
as already noted, similar considerations have appeared in
literature [5, 6]. However, one would expect a general de-
scription akin to the rules of the generalized NDA, and
we are not aware that they have been presented else-
where. Therefore we now generalize the above discussion
and derive simple rules for applications and also compare
to the rules of NDA presented in [4].
In the notation of (6), it is difficult to account for op-
erator coefficients such as G, which might be suppressed
by additional powers of g in the effective Lagrangian. It
is also difficult to account for any dependence on g in the
high energy Lagrangian. We thus rewrite the condition
in two steps. In step one we require (6) for the kinetic
terms, and in step two we generalize (6) for other terms.
Let the canonical kinetic terms in the high and low en-
ergy Lagrangians be OKE(φ, g) and Oeff,KE(M, g), where
we have explicated the dependence on g and fields. We
assume that the kinetic energy operators do not depend
on parameters other than g. Therefore OKE(φ, 1) and
Oeff,KE(M, 1) have O(1) coefficients, and step one is to
require
OKE(φ, g) = 1
g2
OKE(φˆ, 1)
Oeff,KE(M, g) = 1
g2
Oeff,KE(Mˆ, 1). (13)
From these equations we can solve φ(φˆ, g) and Mˆ(M, g).
We now assume these relations are known.
Step two of the new matching is to require
L(φ, g) = 1
g2
Lˆ(φˆ, g) → Leff(M, g) = 1
g2
Lˆeff(Mˆ, g) .
(14)
where now instead of requiring that Lˆ(φˆ) and Lˆeff(Mˆ)
have O(1) coefficients, we require that Lˆeff(Mˆ, g) is built
with operators that have the same dependence on g and
other couplings as operators in Lˆ(φˆ, g).
To clarify this condition, consider a general operator
O(φ, g) in L that can contain a small parameter. The
high energy matching condition in (14) becomes
O(φ(φˆ, g), g) = 1
g2
Ô(φˆ, g) . (15)
This equation defines Ô(φˆ, g), and especially its depen-
dence on g.
3Now we will transition to the effective Lagrangian. It
is written in terms of effective operators
Ôeff(Mˆ(φˆ), g) ∼ Ô(φˆ, g) . (16)
The correspondence means that the symmetry breaking
structure, dependence on couplings, and dependence on
g, is the same for both operators. From the low energy
condition in (14) we directly find that any term in the
effective Lagrangian is of the form
Leff(M, g) ⊃ 1
g2
(
Ôeff(Mˆ(M, g), g)
)n
. (17)
The generalization to many operators Oi is straight-
forward. However, now we require that all fields are in
a linear representation and all operators are polynomial
in the fields. Therefore we write Oi(φ, g) ≡ ci(g)hi(φ)
where all the dependence on g and other couplings is in
the coefficient ci(g). We write a general Lagrangian,
L(φ, g) =
∑
k
ckhk(φ) , (18)
where the operators ckhk(φ) enumerate all terms in the
Lagrangian and we have omitted the dependence on g in
the coefficient.
We first solve the field rescaling φˆ(φ, g) and Mˆ(M, g)
from (13). For any type of field (scalar, gauge, or
fermion), the kinetic term is comprised of two fields so
we find φˆ = gφ and Mˆ = gM .
Next we apply the high energy condition (14). If sk
gives the number of strongly interacting fields in the op-
erator hk(φ), we find
ckhk(φ) =
1
g2
cˆkhk(φˆ) = g
sk−2cˆkhk(φ) , (19)
where we used the fact that hk is polynomial in φ for
the second equivalence. This equation is solved for cˆk =
g−χkck where χk = sk − 2.
Continuing, according to (16) and (17) the effective
Lagrangian is built from operators corresponding to
cˆkhk(φˆ), and is therefore of the form
Leff(M, g) = 1
g2
Lˆeff(Mˆ, g) = 1
g2
(∑
cˆkhk,m(Mˆ)
+
∑
cˆk cˆk′hk,m(Mˆ)hk′,m′(Mˆ) + ...
)
(20)
Here the new index m in hk,m(M) labels all the possible
operators with the same symmetry as hk(φ), and in this
equation the sum is over all indices m, k, m′, and k′.
The last step is to write the operators hk,m(Mˆ) of the
low energy effective Lagrangian in terms of the hatless
fields. Since these operators are also polynomial in the
fields we find
hk,m(Mˆ) = g
nk,mhk,m(M), (21)
where nk,m gives the number of strongly interacting ef-
fective fields in the operator.
Combining these results allows us to explicate the pow-
ers of g in each term of (20). The result is
Leff =
∑
k,m
gnk,m−χk−2ckhk,m
+
∑
k,m,k′,m′
gnk,m+nk′,m′−χk−χk′−2ckhk,mck′hk′,m′
+ ... (22)
where hk,m ≡ hk,m(M).
Now we have access to all elements required to esti-
mate the coefficient of each term arising in the effective
Lagrangian. The result can be encapsulated into a form
of simple rules which are as follows:
1. Divide each term by g2
2. Each coupling is accompanied by a factor of g2−n,
where n is the number of strongly interacting fields
in the corresponding high energy operator
3. Each strongly interacting field is accompanied by a
factor of g
4. Fix the overall dimension by multiplying with Λ
The only difference to Georgi’s rules is the addition
of item two. In QCD applications of NDA the high en-
ergy Lagrangian consists of the kinetic term and the mass
term. Incidentally, for these operators n− 2 = 0 in item
two above, and both analyses give the same result at
each order in the spurions. For terms with more than
two strongly interacting fields, like the NJL term which
we exhibited in the introduction, the two analyses will
give different results.
It should be noted, that if one uses the nonlinear
representation for the Goldstone boson matrix U , the
item three in the rules is taken into account by writing
U = exp(igpi).
Also we found that the effective Lagrangian is effec-
tively an expansion in the parameters cˆk. These should
be less than one for the expansion to make sense. For ex-
ample, in chiral perturbation theory with quark masses,
cˆmQ = mQ/Λ where mQ is the mass of the quark and
Λ ≈ 1 GeV.
In this paper we have reconsidered NDA. Our results
are compatible with the ones obtained earlier in e.g.
[5, 6], our new output is the derivation of a general set
of simple rules which are also able to account for irrele-
vant interactions. Our results are fully general and can
be applied to supersymmetric as well as nonsupersym-
metric field theories. We expect our results to be useful
in the construction of effective field theories and their
application in various contexts.
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